Abstract. The aim of this note is to prove some common fixed point theorems in bounded complete metric spaces for self-maps verifying generalized contractive conditions obtained by altering the distances between the points.
Introduction
In the paper [4] , the authors gave some fixed point theorems generalizing and unifying many fixed point theorems obtained by Delbosco In this note we work in a bounded complete metric space (X, d). In the second section we prove some common fixed point theorems for sets of self-mappings verifying contractive conditions close to the relation (K) but using only continuous functions <p satisfying (P 2 )-Thus, in this case the assumption u <j> is increasing" becomes superfluous and can be removed. Furthermore, our main theorem is an improvement upon some other fixed point theorems (see [3] , [5] , [6] , [7] ). In section 3, we establish a common fixed point theorem in compact metric spaces generalizing Theorem 4 of the paper [4] which itself was considered by the authors as a generalization of a theorem given by B. Fisher in [3] .
Main result
Many authors (see the references) were interested by fixed point theorems by altering the distances between the points with the use of functions. The purpose of this section is to contribute in this field of investigations. We start by our first main result. Proof. (I) We shall prove that the pair {5, T} has a common fixed point. Let XQ be some point in X. We define x2n = Sx2n-i, n = 1,2,...
X2n+i
= Tx 2n , n = 0,1,2,...
We put t n := d(x ni x n +1) for all integer n. (I) is proved if t no = 0 for some integer no-Therefore, we may assume that t n > 0 for all integer n. We see that for an even integer n, we have
So <t>(t n ) < a(t n -i)<f>(t n -i) + b(t n -i)<j>(t n -i) + c(t n _i)0(i").
Hence we get
In a similar manner, one can prove, (for the same even integer) that
The inequalities (1) and (1') show that the sequence (<p(t n )) n is decreasing. Let 6 be the limit of (<fi(t n )) n . Let us suppose that 0 > 0. Since (X, d) is bounded there exists a subsequence (i n (fc))fc converging to some element t. By the continuity of 4>, we have <p(t) -6 > 0. By the property (P2) of <f>, we must have t > 0. In this case, since a, b, c are decreasing on ]0, oo[, then by using (1) and (1'), we get , , f a(t) + b(t) a(t) + c(t) } <t>(t n(k) ) < max | Now, by letting k -> 00, and using the continuity of we obtain which is a contradiction. Hence t = 9 = 0. Now, from the considerations made above, we may deduce that the whole sequence (t n ) n is converging to zero.
(II) Now, we shall prove that {x n } is a Cauchy sequence. Since t -0 one needs only to see that {x2n} is a Cauchy sequence. To get a contradiction, let us suppose that there is a number e > 0 and two sequences {2n(k)}, {2m(k)} with
For each integer k, we shall denote 2n(k) the least even integer exceeding 2m(k) for which (2) holds. Then 
G3 = <P{t2m(k))\ Ga = e(p fc -t 2n ( k ))<f>(q k ).
We let k -> 00, then by using the continuity of (f> and the fact that a, b, c, e are decreasing on ]0, +oo[, we obtain 0(e) < 5-5 which is a contradiction. Hence {x n } is a Cauchy sequence in the complete metric space (X,d), then one may find a point z = z(S,T) € X such that x n -> z as n -> 00. Next, we shall prove that z is a common fixed point for S and T.
(III) Since tn > 0 for all integer n, we see that both subseqences (x2n)n and (i2n+i)n are not stationary. Therefore, we may find a subsequence ( x n(k))k such that x2n(fc)+i z for every integer k. Let us suppose that Tz ^ z. In this case we are allowed to apply the inequality (A) and obtain, for all k £ N, the relations We deduce then that After letting k -> oo, it gives 
< [a(d(t, z)) + e(d(£, z))} cf>(d((, z)) < <t>(d(t, z)).
a contradiction. Therefore, we deduce that there exists a unique point z £ X such that Fix{S)
= {z} = Fix(T) = Fix{{S,T}).
This completes the proof of our theorem. • The following result is an easy consequence of our Theorem 2.1. [8] .
(e) We give here an example discussing the validity of the assumptions of Theorem 2. 
A fixed point theorem in compact metric spaces
The purpose of this section is to generalize Theorem 4 of the paper [4] Without loss of generality, we may assume that tn ^ 0 for every integer n. In this case, it is easy to see that the sequence ((f>(tn)) is decreasing and therefore it converges. Since X is compact, we may find a subsequence (x2n(k))k converging to some element z 6 X. Then by using the continuity of the map T and the function <j), we get Suppose that z ^ Tz, then by applying the inequality (C) to x = Tz and y = z, and using (7), we obtain This is a contradiction. Therefore we must have Tz = z. The relation (7) will imply that Sz = z. To end the proof, let us suppose that there exists a point £7i z fixed, for instance, by S. Then by applying the inequality (C), we get which is a contradiction. •
